Abstract: We prove that the one-point Lindelöfication of a discrete space of cardinality ω 1 is homeomorphic to a subspace of C (X ) for some hereditarily Lindelöf space X if the axiom | • holds.
In this article we investigate the class of surlindelöf spaces (also called co-Lindelöf spaces), that is, spaces that are homeomorphic to subspaces of C (X ) for some Lindelöf space X (the notion was introduced by Arhangel'skii). In [4] it is proved that the space ω 1 + 1 with the order topology is not surlindelöf. In [1] it is shown that the statement "every surlindelöf compact space has countable tightness" is consistent with ZFC, and the question is posed whether this statement is provable in ZFC (the question is repeated as Problem 28 (1053) in [2] ).
We concentrate on the question whether the one-point Lindelöfication λD(ω 1 ) is a surlindelöf space. The space λD(ω 1 ) is the set ω 1 ∪ {∞} with the topology in which all points of the set ω 1 are isolated, and a set U is a neighborhood of the point ∞ if and only if ∞ ∈ U and the complement of U in ω 1 is at most countable. The reason for considering this question is that on the one hand, λD(ω 1 ) is the simplest possible space of uncountable tightness, so the question whether it is surlindelöf should probably be one of the first ones in a theory of surlindelöf spaces. On the other hand, an argument as in the proof of [1, Theorem 4] shows that if there is a surlindelöf compact space of uncountable tightness, then there is one of weight ω 1 , and hence one that has a convergent free sequence of length ω 1 . A convergent free sequence of length ω 1 together with its ω 1 -limit point is homeomorphic to λD(ω 1 ), so if we could prove that λD(ω 1 ) is not surlindelöf, this would give us a proof that every surlindelöf compact space has countable tightness. Similarly, proving that the space λD(ω 1 ) is surlindelöf could serve as an inspiration, and probably a first step, to construct a compact counterexample.
All spaces below are assumed to be Tychonoff (that is, completely regular Hausdorff). We mostly use terminology and notation as in [5] . We denote by C (X Z ) the space of all continuous functions from X to Z equipped with the topology of pointwise convergence (that is, the topology of the subspace of the set of all functions from X to Z , Z X , with the Tychonoff product topology; see [3] for a thorough presentation of the theory of spaces of functions equipped with this topology). We will only be concerned with the cases Z = 2 and Z = R. The space C (X R) is denoted as C (X ). Given a set X of cardinality ω 1 , a | • -family for X is a family S of cardinality ω 1 of countable infinite subsets of X such that every uncountable subset of X contains some element of S. " |
•
" is the statement that there is a |
• -family for ω 1 (and hence for every set of cardinality ω 1 ). It is well known that |
• follows both from the Continuum Hypothesis and from the principle ♣, and implies p = ω 1 , hence is in contradiction with MA ω 1 (see, e.g., [6] ). On the other hand, |
• is consistent with ¬ CH + Martin's Axiom for countable posets [7] .
The construction
Let C = {( ) : and are disjoint finite subsets of ω 1 }. We will say that a subset S of C is disjoint if the family of finite sets { : ( ) ∈ S} is disjoint. Define the height (S) as the smallest ordinal α such that ∪ ⊂ α for all ( ) ∈ S (so (S) = sup { ∪ : ( ) ∈ S}.
Fix a |
• -family S for C, and let S = {S ∈ S : S is disjoint}. We will say that a family A of countable subsets of ω 1 is S -reaping if for every countable subfamily T of S there is a countable subfamily A of A such that for every A ∈ A \ A and every S ∈ T there is ( ) ∈ S with ⊂ A and ∩ A = ∅. Obviously, every subfamily of an S -reaping family is S -reaping. 
Proposition 1.2.
There is an S -reaping family A such that every countable subset of ω 1 is contained in the union of some two elements of A.
Proof. Fix 
Proposition 1.3.
If A is an S -reaping family in ω 1 , then the space X A is Lindelöf.
Proof. Let U be an open cover of X A . For every A ∈ A we can fix finite sets A ⊂ A and A ⊂ ω 1 \ A so that the cover of X A consisting of the sets
with A ∈ A, is a refinement of U. Hence, it is sufficient to prove that every cover of X A consisting of the sets of the form O( ), ( ) ∈ C, has a countable subcover.
For a T ⊂ C, denote O(T ) = {O(
) : ( ) ∈ T }. Thus, we need to prove that for every cover of X A of the form O(T ) for some T ⊂ C there is a countable S ⊂ T such that O(S) covers X A . 
We will say that the set T ⊂ C is of order ≤ if
| | + | | ≤ for all ( ) ∈ T . Given a cover O(T ) of X A , put T = {( ) ∈ T :
cover O(T ) of X A where T is of order ≤ , there is a countable S ⊂ T such that O(S) covers X A .
We will prove this statement by induction on . If = 0, then the cover O(T ) consists of one set, and the statement is trivial. Suppose > 0 and the statement is already proved for all S -reaping families and sets T of order ≤ − 1. Let T be a set of order ≤ such that O(T ) covers X A . There are two possible cases.
Case 1:
T has an uncountable disjoint subset. Let T 0 be such a subset, and let S ∈ S be such that S ⊂ T 0 . Clearly, S is disjoint, so S ∈ S . Since the family A is S -reaping, there is a countable A 0 ⊂ A such that for any A ∈ A \ A 0 there is ( ) ∈ S with ⊂ A and ∩ A = ∅. It follows that O(S) covers X A \ X A 0 . We have found a countable subfamily of O(T ) that covers all of X A except of a countable subset. It is clear now that O(T ) contains a countable cover of X A .
Case 2:
T has no uncountable disjoint subsets. Let T 0 be a maximal disjoint subset of T . Then T 0 is at most countable, so the set P = { ∪ : ( ) ∈ T 0 } is at most countable. For every α ∈ P put T α = {( ) ∈ T : α ∈ } and T α = {( ) ∈ T : α ∈ }. By the maximality of T 0 , we have T = {T α ∪ T α : α ∈ P} (and hence
For every α ∈ P, let
Note that for every A ∈ A α , α ∈ A. It follows that for every (
Since α ∈ for all ( ) ∈ T α , the set R α has order ≤ − 1, and by the inductive hypothesis, there is a countable S α ⊂ R α such that O(S α ) covers X A α .
Similarly, for every A ∈ A α , α / ∈ A. It follows that for every (
Since α ∈ for all ( ) ∈ T α , the set R α has order ≤ − 1, and by the inductive hypothesis, there is a countable S α ⊂ R α such that O(S α ) covers X A α . Put
Then S is a countable subset of T , and O(S) covers X A .
Since every subfamily of an S -reaping family is S -reaping, we arrive at the following statement. Proof. The first statement is immediate from the definitions. To prove the second, it is enough to find an uncountable set C in ω 1 so that the topology on C generated by the functions in X A is discrete.
Corollary 1.4.
Construct by recursion finite subsets F α ⊂ A and points α ∈ ω 1 , so that { β : β < α} ⊂ F α and α ∈ ω Let λD(ω 2 ) be the space obtained by adding a point ∞ to the discrete space of cardinality ω 2 so that a set U is a neighhborhoods of ∞ if and only if ∞ ∈ U and the complement of U is at most countable. Similar questions appear to be of interest for the space λD(ω 2 ω 2 ), obtained by adding a point ∞ to the discrete space of cardinality ω 2 so that a set U is a neighborhood of ∞ if and only if ∞ ∈ U and the complement of U has cardinality at most ω 1 . Note that λD(ω 2 ω 2 ) is homeomorphic to the subspace of ω 2 + 1 (equipped with the order topology) consisting of all successor ordinals and the point ω 2 .
Some open problems

